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Gravitational waves (GWs) from inspiralling neutron stars afford us a unique opportunity to infer
the as-of-yet unknown equation of state of cold hadronic matter at supranuclear densities. The
dominant matter effects are due to the star’s response to their companion’s tidal field, leaving a
characteristic imprint in the emitted GW signal. This unique signature allows us to constrain the
neutron star equation of state. At GW frequencies above & 800Hz, however, subdominant tidal
effects known as dynamical tides become important. In this letter, we demonstrate that neglecting
dynamical tidal effects associated with the fundamental (f -) mode leads to large systematic biases
in the measured tidal deformability of the stars and hence in the inferred neutron star equation
of state. Importantly, we find that f -mode dynamical tides will already be relevant for Advanced
LIGO’s and Virgo’s fifth observing run (∼ 2025) – neglecting dynamical tides can lead to errors on
the neutron radius of O(1km), with dramatic implications for the measurement of the equation of
state. Our results demonstrate that the accurate modelling of subdominant tidal effects beyond the
adiabatic limit will be crucial to perform accurate measurements of the neutron star equation of
state in upcoming GW observations.

INTRODUCTION

The observations of gravitational waves (GWs) from
the inspiral of binary neutron stars (BNS), GW170817 [1]
and GW190425 [2], has opened up a new way of study-
ing ultradense nuclear matter. Gravitational waves carry
characteristic information about the composition of neu-
tron stars, providing a unique means to infer their elusive
equation of state (EOS) [3]. Observations with the cur-
rent ground-based GW detector network of Advanced
LIGO [4] and Advanced Virgo [5] have yielded the first
direct constraints on the EOS [6, 7], with recent comple-
mentary information obtained from pulsar observations [8]
and terrestrial experiments [9].

A precision measurement of the nuclear EOS from
inspiralling BNS is a prime science objective for the
next-generation of ground-based (A+) [10, 11] and third-
generation (3G) GW detectors such as the Einstein Tele-
scope [12] and Cosmic Explorer [13]. In order the make
such a measurement from GW observations, accurate the-
oretical models of the emitted GW signal are required.
GWs from inspiralling neutron stars (NS) differ from those
of binary black holes (BBHs) due to finite-size (tidal) ef-
fects, which manifest themselves as an additional phasing
term [14]. This imprint arises from an additional, tidally
induced quadrupole moment sourced by their compan-
ion’s gravitational field, which enhances GW emission.
The dominant (Newtonian) tidal contributions to the GW
phase are quadrupolar (` = 2) tidal effects arising from the
excitation of the star’s fundamental oscillation mode (f -
mode), which depend indirectly on the EOS through the
macroscopic (dimensionless) tidal deformability parame-
ter ΛA` and the (dimensionless) f -mode angular frequency
ΩA` of the A-th neutron star for the `-th multipolar mode.

In the adiabatic limit, i.e. where the f -mode frequency
is much larger than the orbital frequency, tidal effects in
the GW phase are governed solely by the (dimensionless)
binary tidal deformability Λ̃ [15–17], independent of the
f -mode frequency. During the late inspiral, however, dy-
namical tidal effects induced by the resonant excitation of
the f -mode, which explicitly depend on the f -mode fre-
quency, must be taken into account in order to accurately
describe the GW signal [18, 19].

To date, much emphasis has been placed on the accurate
modelling of the point-particle phase [20, 21] and on
adiabatic tidal effects [22–25]. In recent years, however,
much progress has been made in including dynamical and
non-perturbative tidal effects into waveform models [18,
19, 26–29]. In this letter we demonstrate for the first
time that dynamical tides, despite being a higher-order
effect, play a key role for a precision measurement of
the NS EOS. We show that neglecting dynamical tides
leads to significant systematic biases in the recovered
tidal deformability Λ̃ and consequently in the inference of
the neutron star EOS from individual BNS observations
as well as entire populations. Crucially, we show that
such systematic biases are already problematic for the
A+ detector network scheduled to commence observing
in ∼ 2025: For a semi-realistic population of BNS in the
A+ network, we estimate that systematic errors on the
inferred radius of NS could be as large as ∼ O(1km). Our
results highlight the urgent need for more sophisticated
waveform models that accurately model higher-order tidal
effects and are computationally efficient, as well as a more
robust treatment of waveform systematics in order to
accurately measure the neutron star EOS in upcoming
GW observations.

ar
X

iv
:2

10
9.

07
56

6v
1 

 [
as

tr
o-

ph
.H

E
] 

 1
5 

Se
p 

20
21



2

METHODS

We consider two different network configurations: First
a network consisting of the two LIGO detectors and Virgo,
operating at the A+ design and the low-limit sensitiv-
ity [30] respectively, as anticipated for the fifth observing
run (O5) [11]. Secondly, we consider a single triangular
ET detector with the proposed ET-D sensitivity [31].

We model the simulated BNS signals using the inspiral-
only frequency-domain TaylorF2 waveform approximant
with a point-particle phase up to 3.5 post-Newtonian (PN)
order [32], adiabatic tidal effects up to 7.5PN [3, 33, 34]
and quadrupolar (` = 2) dynamical tidal effects at 8PN
[19], as implemented in the LIGO Algorithms Library [35].
We assume that the neutron stars are nonspinning and
undergo a quasi-circular inspiral for consistency with
the dynamical tides phase model but note that spins
and eccentricity will further enhance the excitation of
the f -modes [36–38]. The BNS waveforms start a GW
frequency of f = 20 Hz and are truncated at either the
frequency of the innermost stable circular orbit or the
contact frequency [39, 40].

To determine the impact of dynamical tides on the
measurement of the EOS, we perform Bayesian inference
using the nested sampling [41] algorithm dynesty [42] as
implemented in the GW inference package Bilby [43]. We
recover the binary parameters with and without the inclu-
sion of dynamical tides, using quasi-universal relations [44]
to determine the f -mode frequencies. We further assume
that the binaries can be associated to an EM counterpart
allowing us to fix the luminosity distance, right ascension
and declination when performing parameter estimation;
we marginalise over coalescence time and phase and do
not include Gaussian noise or calibration uncertainties in
our analyses. We adopt priors that are uniform in the
component masses mi but sample in chirp mass Mc and
mass ratio q = m1/m2 [45], and uniform priors on the
binary tidal deformability parameters Λ̃ and δΛ̃ [17].

Assuming that all NS have a universal EOS, we study
the impact of dynamical tides on inferences made from a
semi-realistic population of N BNS. Here we consider two
complementary approaches to inferring the EOS using the
relation between the mass and tidal deformability, Λ(m),
and the relation between the mass and radius, R(m),
respectively. In the first approach, we estimate the impact
of dynamical tides on measuring Λ(m). Following [46], we
perform a Taylor expansion of Λ(m) in (m−mc)/M� to
linear order. As highlighted in [46], higher order terms are
poorly constrained and we can only accurately measure
the coefficients for a fiducial mass. In addition, it is
difficult to impose meaningful a priori information on the
functional form of Λ(m) [47, 48]. Adopting a canonical
neutron star mass of mc = 1.33M�, we determine Λ1.33

using the mass and tidal posterior samples from each

event in the population

Λ1.33 ' (1.33−m2)
Λ2 − Λ1

m2 −m1
+ Λ2. (1)

The joint likelihood for N binaries is given by

L(Λ1.33) ∼
N∏

n=1

p(Λ1.33|dn, Hi) p(Λ1.33|Hi)
−1, (2)

where Hi denotes either the adiabatic or dynamical tides
hypothesis and di the segment of data for the i-th binary.

In the second approach, we perform Bayesian inference
to directly reconstruct the EOS and gauge the impact of
neglecting dynamical tides on the inference of macroscopic
NS properties. Following [48, 49], we adopt a piecewise
polytropic model p(ρ) = Kiρ

Γi , where Γi are the adiabatic
indices and Ki enforces that the pressure p is continuous
at the boundaries between density intervals ρi−1 < ρ < ρi.
We adopt the density intervals reported in [48], which
are chosen to minmize the least-squares error between
the piecewise polytropic fits and tabulated theoretical
EOSs [49]. We use three adiabatic indices {Γ1,Γ2,Γ3}
and a constant p1 = ρ(p1) that sets the overall pressure
scale. An advantage to this framework is that we can
impose a priori constraints on the EOS that are otherwise
difficult to incorporate into the Λ(m) fit. Explicitly, we
require that the EOS is i) thermodynamically stable and
hence a monotonically increasing function dp/dε ≥ 0,
where ε is the energy density, ii) must obey causality
constraints, vs =

√
dp/dε < c, and iii) that the maximum

supported NS mass is compatible with the heaviest known
pulsar, PSR J0740+6620 [50], Mmax & 2.14M�. We infer
the EOS parameters from the population of N binaries
following the framework outlined in [48]. Recycling the
posterior samples from earlier, we can construct a pseudo-
likelihood for the intrinsic parameters of each event θin =
{M, q, E} by marginalizing over all extrinsic and nuisance
parameters θex [48]

L(di, θin,i,H, I) =

∫
dθex,i p(θex,i|H, I) p(di|θi,H, I).

(3)

This allows us to construct a marginalized posterior den-
sity function for the EOS parameters E = {p1,Γ1,Γ2,Γ3}
by constructing the joint-likelihood for all N BNS events,
re-expressing Λ̃i in terms of the EOS parameters and
{M, q, E}, and marginalizing over the masses using
MCMC algorithms [48]

p(E|dN ,H, I) =
1

p(dN |H, I)

∫
dMN dqN p(E|H, I) (4)

×
N∏

i=1

p(Mi, qi|E ,H, I)L(di, θin,i,H, I)
∣∣∣
Λ̃i=Λ̃(Mi,ηi,EOS)

.
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Finally, we construct posterior distributions for the
EOS parameters by marginalizing over the mass param-
eters using nested sampling [42]. Using the posteriors
for the EOS parameters E , we reconstruct the posterior
distributions for the macroscopic relation R(m) as well
as Λ(m).

RESULTS

Systematic series

To assess the impact of systematic biases in measure-
ments of the tidal deformability induced by neglecting
dynamical tidal effects, we first consider a series of simu-
lated BNS with fixed mass ratio q = 0.855 and varying
total mass M = m1 +m2 and hence varying chirp mass
Mc = (m1m2)3/5/M1/5 and tidal binary deformability Λ̃.
The mass and mass ratio are chosen to be broadly consis-
tent with both GW170817 [1] and GW190425 [2]. Tidal
effects are related to the compactness of the neutron star,
with lighter neutron stars having larger tidal deformabili-
ties for a fixed EOS. The quadrupolar f -mode contribu-
tion to the GW phasing scales as δφdyn ∝ (Λ2A)/(Ω2

2A),
where lighter NS have lower f -mode frequencies and hence
a stronger excitation of the f -modes. Tidal effects, both
adiabatic and dynamical, become suppressed as we simul-
taneously increase Mc and decrease Λ̃.

We adopt a soft EOS (APR4 [51]), consistent with
current observations [7]. Further, for this series, we dis-
tribute the binaries at a distance between 95 and 143 Mpc
such that the signal-to-noise ratio (SNR) in the triangular
ET-D configuration is fixed to ρET ' 500, where we ex-
pect dynamical tides to be distinguishable even for heavy
NS [52]. For the LIGO-Virgo A+ network, this translates
into a fixed network SNR of ρA+ ' 50. We also adopt a
fixed small inclination angle of ι = 12.6◦, consistent with
GW170817, and fix the sky location.

The one-dimensional posterior probability distributions
of Λ̃ with (dashed) and without (solid) the inclusion
of dynamical tides in the recovery waveform model are
shown in Fig. 1 for the A+ network (top panel) and ET
(bottom panel). As anticipated from the discussion above,
dynamical tides play an increasingly negligible role for
larger chirp masses (i.e. heavier NS and smaller Λ̃), but
their neglect leads to large induced biases in the tidal
measurements the lighter the NS. For the A+ network we
find that the statistical uncertainties dominate for heavy
BNS but for typical SNRs in ET, the tidal measurements
of individual binaries are dominated by systematic errors.

Tidal effects will be larger (smaller) for stiffer (softer)
EOS. Our results with APR4 are the most conservative;
for a medium-soft (SLy230A [53]), and a medium-stiff
(MPA1 [54]) EOS we find even larger biases in the inferred
Λ̃, especially for light NS.
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FIG. 1. One-dimensional posterior probability distributions
of Λ̃ for BNSs with mass ratio q = 0.855 and varying source-
frame chirp massMc with the APR4 EOS as measured in A+
(top) and ET (bottom). For lighter binaries, which have larger
tidal deformabilities, we see significant biases between adia-
batic (solid) and dynamical tidal (dashed) posteriors. Vertical
dashed lines indicate the injected values. As Mc increases,
the effects of dynamical tides become negligible.
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FIG. 2. Stacked likelihood of the tidal deformability for 12
BNS events in A+ (left) and ET (right) with adiabatic and
dynamical tides (green) and adiabatic tides only (red). The
vertical dashed lines indicate the true value Λtrue

1.33 = 341 as-
suming APR4 as the common EOS of our population.

BNS population

Whilst the bias in the tidal deformability can be less
prominent on an event-by-event basis, it is manifestly
evident at the population level and, strikingly, already
observable in the A+ detector network.

We now consider a prototypical BNS population with
component masses drawn from a Gaussian distribution
mi ∼ N (µi, σi), where µi = 1.33M� and σi = 0.09M�
[55], consistent with the observed low-mass peak of binary
neutron stars in the Milky Way [56]. We distribute the bi-
naries randomly in the sky, uniformly in comoving volume
between 40Mpc and 250Mpc, and uniformly in inclina-
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FIG. 3. Mass-radius relation for 12 BNS observed in an A+ network. The population consists of binaries drawn from a
Gaussian distribution consistent with the low-mass peak of galactic BNS, m ∼ N (µi, σi), where µi = 1.33M�. We use APR4 as
the underlying equation of state, denoted by the black curve (black solid). Neglecting dynamical tidal effects induces biases
∼ O(1km) in the inferred the mass-radius relation, excluding the true EOS at 90% credible interval for almost all NS masses.

tion between 0◦ and 30◦, corresponding to binaries that
are expected to be prime candidates for the detection of
an associated electromagnetic (EM) counterpart [57–60].
This also allows us to reduce the dimensionality of the
concomitant Bayesian inference by fixing the sky location.
Given the current median BNS merger rate [61], for the
A+ network we anticipate ∼ 30 BNS detections with a dis-
tance ≤ 250Mpc within a two-year observing window [62],
with 40% being a potential target of opportunity for the
Vera C. Rubin Observatory [59]. Therefore, for our anal-
yses we use 12 BNS, broadly consistent with rate of joint
GW-EM observations reported in [63]. We consider both
detector configurations and, as before, assume the soft
APR4 EOS for all binaries.

We first combine the information from the mass and
tidal parameters of the individual BNS sources using the
Taylor expansion method given by Eq. (1). In Fig. 2,
we show the joint-likelihood for Λ1.33 using 12 BNS in
the A+ detector network (left) and ET (right). We see
that when dynamical tides are included in the recovery
waveform model (green), the true value Λtrue

1.33 = 341 is
recovered within the 90% credible interval in both detector
networks, whereas neglecting dynamical tides (red) leads
to a significant bias with median values of 423 and 432,
respectively.

Due to the aforementioned limitations in EOS infer-
ence using the Taylor expansion of Λ(m), we directly
estimate the parameters of the common EOS following
Eq. (4). Given a set of EOS parameters E , we can solve
the Tolman-Oppenheimer-Volkoff equations to determine
the corresponding macroscopic properties such as the neu-
tron star radius R or the tidal deformability Λ. This
allows us to map the mass and tidal parameters mea-
sured from a BNS observation to the parameterized EOS

and vice versa. We again use 12 BNS to infer the EOS
parameters E with and without dynamical tides. The
reconstructed mass-radius relations are shown in Fig. 3.
As the population is drawn from a Gaussian centered on
1.33M�, both the high-mass and low-mass behaviour of
the EOS are poorly constrained. Critically, even in the
A+ network we observe biases in the inferred radius of up
to ∼ O(1km) if we fail to correctly account for dynamical
tidal effects, translating into an incorrect preference for
stiffer equations of state and the exclusion of the correct
EOS at 90% credible interval for nearly the entire NS
mass range. A more comprehensive study on the role of
dynamical tidal effects on the measurement of the EOS
in future detector networks will be left to future work.

DISCUSSION

Accurate modelling of higher-order tidal effects is a
highly challenging endeavour and perforce results in ap-
proximations or simplifications being adopted. We have
demonstrated that neglecting higher-order tidal effects,
such as f -mode dynamical tides, can induce large biases
in the measured tidal deformability and hence the inferred
EOS. In particular, we have demonstrated how the sys-
tematic biases will pervade analyses of entire populations
of observed BNS. Figure 3 showcases how waveform mod-
els that omit dynamical tidal effects will potentially lead
to O(1km) biases in the inferred radius of NS. Even more
concerning is that these biases will already be relevant for
A+ LIGO sensitivities, which are projected to be obtained
in the fifth observing run (∼ 2025). These results suggest
that the accurate modelling of higher-order tidal effects
is a rather critical problem that will lead to erroneous
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inferences about the EOS of NS if neglected.

A caveat to our analysis is that we have assumed per-
fect knowledge of both the point-particle and adiabatic
baselines. In reality, significant improvements will be
required in the modelling of both effects as detector sensi-
tivities continually improve [25, 64]. However, the point-
particle baseline can be efficiently and effectively cali-
brated against state-of-the-art numerical relativity (NR)
simulations [32, 65]. Similarly, analytic modelling of adi-
abatic tidal effects has significantly improved in recent
years [24, 66] and the first waveform models that include
dynamical tidal effects [18, 26] have become available, but
their usage is limited due to their large computational
cost. Furthermore, our analysis only considers the impact
of higher-order Newtonian tidal effects. Some of the cur-
rent BNS waveform models include non-perturbative and
non-linear tidal information to varying degree [29, 67].
However, due to the large computational cost of NR simu-
lations, such models are only calibrated to ∼ 4 equal-mass
NR simulations and thus are limited in their validity and
accuracy. These models are equally susceptible to sys-
tematic errors but the clean separation into adiabatic
and dynamical contributions becomes less transparent.
In summary, while some of the state-of-the-art waveform
models already contain dynamical tides to some degree,
their accurate analytical modelling as well as the calibra-
tion of waveform models against NR simulations incor-
porating the full mass ratio, spin and EOS dependence
is urgently needed even, if very challenging, in order to
accurately determine the NS EOS in near-future GW
observations.
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